Recently, a method has been developed for the quantitative calculation of surface and adsorption effects on one-electron states in finite crystals. This method, which is based on the linear-conibinationof-atomic-orbitals or tight-binding model, uses the Koster-Slater resolvent method for computing the energies and orbital coefficients. Since the resolvent matrix is constructed numerically, an algorithm was described to solve the Koster-Slater equations numerically as well. The present paper shows a particularly efficient manner to prepare the Koster-Slater equations for this algorithm, which is applicable to crystals with Shockley surfaces and adsorption.
I. INTRODUCTION
The electronic properties of solid surfaces and the phenomena occurring on adsorption have been the subject of much research, both experimental and theoretical. Experimentally, more and more data are becoming available for adsorption on welldefined surfaces, 1-11 but the interpretation and correlation of these data, which should lead to a better understanding of adsorption interactions, leave many open questions. Theoretically, two types of methods have been applied to this prob lem, both using mainly the linear-combination-ofatomic-orbitals (LCAO) or tight-binding scheme. The first group of methods calculates the surface and adsorption states in a semi-infinite crystal model. 12" 14 Although these methods are very use ful for the interpretation of general phenomena, such as the occurrence of strictly localized surface states, they must introduce various simplifying ap proximations and, therefore, they remain rather qualitative and cannot do justice to the complexity of interesting crystals such as transition metals. Particularly, the interpretation of spectroscopic data for adsorbed atoms or molecules calls for a more quantitative treatment. Also, the calculation of total surface and adsorption energies is practi cally impossible by these methods.
A more quantitative approach is followed by the methods of the second kind, applying molecularorbital (MO) techniques to finite clusters of atoms. 15"21 Results from such calculations are distorted by undesirable boundary effects, how ever, because the clusters have to stay rather limited in size.
In a previous paper"" we proposed a LCAO meth od which works on finite crystals, just as the cluster methods, and calculates all interaction matrix elements between atomic orbitals explicitly within the (semiempirical) MO scheme that is used. By invoking different features from the semi-infinite crystal methods, such as periodic boundary condi tions parallel to the surface and the application of the Koster-Slater resolvent technique, we have considerably reduced the time required for actual computations. Therefore, we can treat larger crystals than the usual cluster calculations and take into account interactions over a more extended range. Typical aspects of our procedure, de scribed in Ref. 22 , are the numerical calculation of the resolvent matrix and the algorithm for the numerical solution of the Koster-Slater equations. These are still the most time-consuming steps, though, and we must make them as efficient as pos sible. In the present paper, we describe simplified procedures for finite crystals having two surfaces without extra surface potentials and, also, for ad sorption on these " Shockley " surfaces. First, we shall give a brief account of the general method and show in which parts improvements will be made.
II. GENERAL METHOD
The crystal and the adsorbed layers are assumed to be periodic in two directions, ax and a2, with finite numbers of unit cells, N l and iV2, respective ly. Besides eliminating boundary effects in these directions, this periodicity implies that, working in a LCAO model, we have a set of basis layer orbitals
ml=l m 2= l which are noninteracting for different (klt kz)-The atomic orbitals IX/>(^i» )}lz» )) are centered in the unit cell with the origin + wa^, the index p = 1, . . . , v labels different atomic orbitals in the unit cell. On the basis of these layer orbitals we introduce a matrix representation, the matrix in dex running over all crystal layer orbitals (layers: m -1, . . . , iV3; atomic orbitals: />= 1,.
, v) and, in case of adsorption, also over the adsorbed layer orbitals (layers: w = l, .. ., N; atomic orbitals: ---, fu) . (Capitals denote matrices, small letters column vectors.)
Using the resolvent method in order to find the solutions, E and c, of the secular equations for this system (H -£S )c = 0 (2) we need an "unperturbed " system, which is most conveniently defined as the crystal periodic in three directions together with some isolated adsorbate layers. The reason for this choice is that the un perturbed equations
are particularly simple for this special system, even if they must be solved numerically. 22 From the numerical solutions of the unperturbed problem we can construct the resolvent matrix by a finite summation over i = 1, .. ., N^v or, in case of ad sorption, over i = 1, . . ., Nzv+N\i\
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The perturbation which carries the unperturbed system into the real system of interest has the following effects.
(a) It removes so many layers R from the peri odic crystal, that the remaining crystal C has two surfaces, which are only interacting with inside layers (just as the removal of a segment from a circle creates two ends). These surfaces are called " Shockley" surfaces. The perturbation Vs which annihilates the interactions between R and C actually has only matrix elements between layers R and some outer crystal layers O, the inner layers C -0 are not directly affected. This is so because we assume the interaction matrix elements between (localized) atomic orbitals to become negligible be yond a given distance.
(b) It adds a surface potential V T which modifies the //-matrix elements of the outer layers 0. In the present paper we shall discuss the case that this " Tamm" perturbation VT effectively equals zero.
(c) In case of adsorption, it adds the interactions between the adsorbed layers A and the crystal lay ers and between adsorbed layers among each other. This interaction VA is localized within the adsorbed layers A and the outer crystal layers O.
The total perturbation Vs + VT + VA modifies the unperturbed secular matrices H(0) and Sl0) only in certain regions, by amounts AH and AS. This is most easily expressed by projection matrices P°, P c"°, and P'A = Xn=1Pn, which have unit matrices in the diagonal blocks corresponding to the regions indicated and zero otherwise. Multiplication by a projection matrix P A means restriction of the in dices to the layer orbitals contained in the region U X. Now, we can write the effects of the perturba tion as AHS = -p^H^P 0 -p°h (0)P^ ,
The matrix T describes the effect of the surface potential on the outer layers O. If we define the matrix
which depends on the energy of the perturbed sy s tem, the perturbed secular equations (2) can be written . *
Multiplying these equations by the resolvent matrix (4) and using the properties of the latter, 22 we ob tain the Koster-Slater equations
The dimension of these equations is considerably reduced with respect to the original secular prob lem (2) if we substitute the matrix V(£) as given by (5) and (6) and realize that the solutions c which we are seeking are located in the crystal region C (in case of adsorption, in the region C +.4). This is worked out in the following sections. At this point we only recall that Eq. (8) can be solved numerically for E and c by the following procedure. Equation (8) is multiplied by V(E) to obtain
Then we search for the zeroes in the (real) eigen values of the complex Hermitian matrix W(£), which are the energy solutions of (9). Substituting these into (8) or (9) we calculate the coefficients c by standard techniques (solving a set of homoge neous linear equations). The algorithm to calculate the energies E, which is based on the properties of the eigenvalues of W(£), is described in paper I. 22 This algorithm uses a bisection procedure: select an interval (Ev Ez); calculate the number of roots in this interval n0(Ev Ez); if n0(Elt Ez) >0 bisect the interval, etc., until the required accuracy is reached. In each cycle we have to construct the matrices G(£) and V(£) for a given energy E and to perform the operations required for the calculation of
W(E) = y(E)G{E)y(E) -V_{E).
These operations are rather time consuming, the more since they LIEBMANN, VAN DER AVOIRD, AND FASSAERT have to be performed in complex arithmetic, which is a serious limit on the practical applicability of this method. In the following sections we show for Shockley surfaces and adsorption how to avoid a considerable part of these operations and, thereby, to make the procedure much more efficient.
III. SHOCKLEY SURFACES
According to our procedure for general surfaces we would (more precisely) multiply Eq. (8) by P°V(£) with V(£) = Vs(£) + Vr, substitute (5) and (6) and solve Eq. (9) in the subspace O. 22 If VT equals zero, the matrix P°V(£) becomes equal to P°Vs(£)P/? and its rank is determined by dim(jR), the dimension of the space R, which is smaller than dim(O). Generally, dim(O) = 2 xdim(/2) because the layers R in the unperturbed (periodic) crystal are connected with outer layers 0 at two surfaces. For this reason the matrix W °°{E) = P°VS(£)P*G(£)P*VS(£)P° (10) becomes singular in the subspace 0 and we cannot apply the algorithm to find the solutions E by look ing for the zeroes in the eigenvalues of W(£), since half of the eigenvalues are identically zero. This difficulty could easily be removed by choosing the Tamm perturbation nonzero but very small, so that it practically does not influence the solutions of Eq. (9). It is more efficient, though, to use a special equation for Shockley surfaces which is much faster to solve than the general one.
We start with Eq. (8), substitute V(£) = VS(£) given by (5) and (6) and use the fact that P cc = c, because the solutions c are located on the crystal C. Use of the relations between the projection matrices, PRP c =0; P°P C=P°, yields G(£')PRVs(£)P°c = P cc .
(ID Multiplying this equation by P R, denoting the matrix Pr G(£)Pr by GRR(E) and incorporating the Shockley perturbation into a new set of coefficients d*(E) = PRVs(E)P°c , we are left with the equation
This equation can be solved in the subspace R. The matrix GRR(E) is Hermitian and has the correct properties, so that the algorithm of Paper I can be applied to GRR{E) instead of W°°{E) for the calcula tion of the energy solutions E. This procedure is much faster for two reasons. In the first place, the dimension of GRR(E) is twice as small as the di mension of W°°(E) and, therefore, the Gauss elim ination process which is part of the algorithm r e quires less time. Secondly, the matrix GRR(E) is just the restriction of G(E) to the layers R , so we can omit the matrix operations needed in each bi section cycle for the construction of
According to a proof by Freeman, 23 Eq. (13) yields nil energy roots E0 for the crystal with Shockley surfaces. The coefficients c can be cal culated by substituting these roots back into (13), solving the set of homogeneous linear equations for the coefficients dR(E0) and substituting these coeffi cients into (11), multiplied by P c:
IV. ADSORPTION
We want to follow a similar procedure for ad sorption on Shockley surfaces. In this case, the unperturbed system consists of the periodic crystal R +C and some isolated adsórbate layers, n -1, .. ., AT , and the resolvent matrix can be written 1 v G(£) = ( P r + P c)G (£)(Pc + P * ) + 2 PnG(£)P'' . (15) n = 1
When the Tamm perturbation is zero, i.e., H =H (0) for the crystal layers 0 as well as for individual adsorbed layers « eA , the perturbation matrix reads
V(E) = P * V S( £ ) P° + P°V S(£ )P * + P°Va(E)Pa
According to the general method, we would have to solve Eq. (9) in the subspace 0 +A, with the matrix (15) and (16). In most practical cases, where we do not have too many adsorbed layers, the dimension of this subspace is larger than dim(Z?) + 2 xdim(A), which appears to be the rank of the matrix W(E) in these systems. So we have tried to replace the matrix W(E) by a smaller matrix of the size dim(Z?) + 2 xdim(>i) and to avoid, at the same time, many of the matrix operations required for the construc tion of W(£) from the expressions (15) and (16). We start by substituting (15) and (16) into the Koster-Slater equations (8), using the property that c is now located in C +A: ( P C+P^)c = c, and the relations between the projection matrices. If we multiply the resulting equations by P*, P'*, and P°, respectively, we find the equations P*G(£)P* Vs(£)P°c + P*G(£)P0Vj4(£')Pj4c = 0 , (17a)
n=l n'=l 1506 LIEBMANN. VAN DER AVOIED. AND FASSAERT 11 P°G(£)PRVs(£)P°c + P°G(£)P°V'a(£)Pj*c = P°c .
(IVc) Before proceeding with the preparation of these equations to suit the algorithm for the calculation of £, we introduce some additional definitions. The matrices describing the interactions between the crystal and the adsorbed layers are denoted as
The interaction matrix between different adsorbed layers, which has zero diagonal blocks, is divided into two triangular matrices:
19) These matrices obey the relations
Different parts of the resolvent matrix are denoted as G/?/?(£) = P/?G(£')P/?, * G*°(£) = P*G(£)P°, etc., and the diagonal block matrix over adsorbed layers as
n= 1 Using these definitions, (17) reads
Equation (22c) is replaced by the sum of multiplying (22c) by V/10(£) and (22b) by V'w'(£). Then we sub stitute the new variables:
If these equations are written in matrix form ( Fig.  1) it is easily verified that the matrix multiplying the new coefficients is Hermitian. The algorithm applied to W(£) in the general method in order to find the roots of Eq. (9) can now be applied to this matrix. Again, this is more efficient since the matrix of Fig. 1 usually has a smaller dimension and its construction requires much less operations. A large part is just the restriction of G(E) to the subspaces R and A , most of the remaining parts are simpler than W(£), which is readily seen by comparison with Eq. (31) of Paper I. Especially when we have just a single adsorbed layer, this simplification becomes obvious because the matrix Y AA'(E) does not exist.
V. CONCLUSION
Summarizing the preceding sections, we conclude that for Shockley surfaces and adsorption the Koster-Slater equations (8) may be prepared in such a form that the numerical algorithm for the calculation of the perturbed energies can be ap plied. The £ -dependent matrix multiplying the coefficients of the perturbed wave function, or lin ear combinations of these [Eq. (23) ], is Hermitian. This is not attained by multiplication with the p e r turbation matrix yielding the matrix W(E) of Eq. (9), which is singular in this case, but by some specific manipulations and substitutions yielding Eqs. (13) and (24). The advantages of the latter procedure are that the matrices in (13) and (24) have smaller dimensions and are much easier to construct than the matrix W(E) of Eq. (9). This is
